T he tim e of relaxation is th e tim e in w h ich in eq u alities of stress w ou ld disappear i f the rate at w h ich th ey dim inish w ere to con tin u e constant. H en ce
1. I n th is p a p er I hav e follow ed th e m ethod g iv en in m y p a p e r " O n th e D ynam ical T heory o f G a se s" (P hil. T rans., 1867, p. 49) . I hav e show n t h a t w h en in eq u a litie s of te m p e ra tu re e x ist in a gas, th e p ressu re a t a g iv en p o in t is n o t th e sam e in all directions, a n d t h a t th e difference b etw een th e m ax im u m and th e m inim um p ressu re a t a p o in t m ay be of considerable m a g n itu d e w h en th e d e n sity o f th e g as is sm all enough, a n d w h en th e in eq u a litie s of te m p e ra tu re are p ro d u ced b y sm all* solid bodies a t a h ig h er or low er te m p e ra tu re th a n th e vessel c o n ta in in g th e gas.
2. T he n a tu re of th is stre ss m ay be th u s d e fin e d :-L e t th e d istan c e from a g iv en point, m easu red in a g iv en d irectio n , be d e n o te d b y h ; th e n th e sp ace-v ariatio n of th e cLO te m p e ra tu re for a p o in t m oving along th is line w ill be d e n o te d b y -, a n d th e spaced?6 v ariatio n o f th is q u a n tity along th e sam e line b y __ • • • • c(^0 T h ere w ill, in g eneral, be a p a rtic u la r d irec tio n o f th e line h for w hich -2 is a m axim um , a n o th e r for w hich i t is a m inim um , a n d a th ir d for w hich i t is a m axim umm inim um . T hese th ree d irec tio n s a re a t rig h t an g les to each oth er, a n d a re th e axes of principal stress a t the given point; and the p art of the stress arising from inequalities of tem perature is, in each of these principal axes,
where /x is the coefficient of viscosity, p the density, and 6 th e absolute temperature.
3. Now for dry air a t 15° C, /x = l'9 X lO -* in centimetre-gramme-second measure, 3/x3 1 . . and -^= = -0 '315, where p is th e pressure, th e u n it of pressure being one dyne per square centimetre, or nearly one m illionth p a rt of an atmosphere.
I f a sphere of 2 a centim etres in diam eter is T degrees centigrade ho tter a t large distances from it, then, when there is a steady flow of heat, the tem perature a t a distance of r centim etres from th e centre will be d?0 2T $ = On -{---, and -
Hence, a t a distance of r centim etres from th e centre of the sphere, th e pressure in . Ta th e direction of th e radius arising from inequality of tem perature will be -0'63 O JL t / JL a a j iO dynes per square centim etre. 4. In Mr. Crookes' experiments th e pressure, p , was often so small th a t this stress would be capable, if it existed alone, of producing rapid motion in a radiometer.
Indeed, if we were to consider only th e normal p a rt of th e stress exerted on solid bodies immersed in th e gas, most of th e phenomena observed by Mr. Crookes could be readily explained.
5. L et us take the case of two small bodies sym m etrical w ith respect to the axis joining their centres of figure. I f both bodies are warmer th an th e air a t a distance from them, then, in any section perpendicular to th e axis joining their centres, the point where it cuts this line will have the highest tem perature, and there will be a flow of heat outw ards from this axis in all directions.
d?0 Hence -2 will be positive for th e axis, and it will be a line of maximum pressure, so th a t th e bodies will repel each other.
I f both bodies are colder th an th e air a t a distance, everything will be reversed; the axis will be a line of minimum pressure, and th e bodies will a ttra c t each other.
I f one body is h otter and th e other colder th an the air a t a distance, the effect will be smaller, and it will depend on th e relative sizes of th e bodies, and on their exact tem peratures, w hether the action is attractive or repulsive.
6. I f the bodies are two parallel disks very near to each other, the central parts will produce very little effect, because between th e disks the tem perature varies <p0 uniformly, and -~-=z0. Only near the edges will there be any stress a inequality of tem perature in the gas.
7. I f th e bodies are encircled by a rin g h av in g its axis in th e line jo in in g th e bodies, th e n th e repulsion betw een th e tw o bodies, w h en th e y are w arm er th a n th e air in general, m ay be converted into a ttra c tio n b y h e atin g th e rin g so as to produce a flow of h e a t inw ards to w ard s th e axis.
8. I f a body in th e form of a cup or bow l is w arm er th a n th e air, th e d istrib u tio n of te m p era tu re in th e su rro u n d in g gas is sim ilar to th e d istrib u tio n of electric p o ten tial near a body o f th e sam e form, w hich has been in v e s tig a te d b y S ir W . Thomson. N ear d?9 th e convex surface th e value of is n early th e sam e as if th e body h a d been a com plete sphere, nam ely 2T^, w here T is th e excess of te m p e ra tu re , an d a is th e radius of th e sphere. N e a r th e concave surface th e v aria tio n of te m p e ra tu re is exceedingly small. H ence th e norm al p ressure w ill be g re a te r on th e convex surface th a n on th e con cave surface, an d if we w ere to neg lect th e ta n g e n tia l pressures w e m ig h t th in k th is an explanation of th e m otion of M r. Crookes' cups.
Since th e expressions for th e stress are lin ear as reg ard s th e te m p e ra tu re , e v ery th in g will be reversed w hen th e cup is colder th a n th e su rro u n d in g air.
9. I n a spherical vessel, if th e tw o polar regions are m ade h o tte r th a n th e e q u ato rial zone, th e p ressu re in th e d irectio n of th e ax is w ill be g re a te r th a n t h a t p arallel to th e equato rial plane, a n d th e reverse w ill be th e case if th e polar regions are m ade colder th a n th e eq u ato rial zone.
10. All such ex p lan atio n s of th e observed phenom ena m u st be su b jected to careful criticism . T h ey have been o b tain ed b y considering th e norm al stresses alone, to th e exclusion of th e ta n g e n tia l stresses, an d i t is m uch easier to % give an ele m e n tary exposition of th e form er th a n of th e la tte r. If, how ever, w e go on to calculate th e forces actin g on an y portio n of th e gas in v irtu e of th e stresses on its surface, w e find t h a t w hen th e flow of h e a t is stead y , th e se forces are in equilibrium . M r. Crookes tells us t h a t th e re is no m olar c u rre n t or w in d in his ra d io m e te r vessels. I t is n o t easy to prove th is b y e x p erim en t, b u t i t is satisfacto ry to find t h a t th e sy stem of stresses here described as arising from in equalities of te m p e ra tu re will n o t, w hen th e flow of h e a t is steady, g e n erate cu rren ts.
11. Consider, th en , th e case in w hich th e re are no c u rre n ts of gas b u t a ste a d y flow of h eat, th e condition of w hich is
(In th e absence of e x te rn a l forces such as gravity^ and if th e gas in contact w ith solid bodies does n o t slide over th em , th is is alw ays a solution of th e equations, an d it is th e only p erm an en t solution.) I n th is case th e equations of m otion show t h a t every particle of th e gas is in equilibrium u n d e r th e stresses actin g on it. H ence, any finite portion of th e gas is also in e q u ilib riu m ; also, since th e stresses are linear functions of MDCCCLXXIX.
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the tem perature, if we superpose one system of tem peratures on another, we also superpose the corresponding systems of forces. Now the system of tem peratures due to a solid sphere of uniform temperature immersed in the gas, cannot of itself give rise to any force tending to move the sphere in one direction rather than in another. L et th e sphere be placed w ithin the finite portion of gas which, as we have said, is already in equilibrium. The equilibrium will not be disturbed. W e may introduce any num ber of spheres a t different temperatures into the portion of gas, so as to form a body of any shape, heated in any manner, and when the flow of heat has become steady th e whole system will be in equilibrium.
12. How, then, are we to account for the observed fact th a t forces act between solid bodies immersed in rarified gases, and this, apparently, as long as inequalities of tem perature are m aintained ? I think we m ust look for an explanation in th e phenomenon discovered in the case of liquids by H elmholtz and P iotrowski,* and for gases by Kundt and W arburg,! th a t the fluid in contact w ith th e surface of a solid m ust slide over it w ith a finite velocity in order to produce a finite tangential stress.
The theoretical treatm ent of th e boundary conditions betw een a gas and a solid is difficult, and it becomes more difficult if we consider th a t th e gas close to the surface is probably in an unknown state of condensation. W e shall therefore accept the results obtained by Kundt and W arburg on th eir experim ental evidence.
They have found th a t th e velocity of sliding of th e gas over the surface due to a given tangential stress varies inversely as th e pressure. The coefficient of sliding for air on glass was found to be G = -centimetres, where is th e pressure in millionths of an atmosphere. Hence a t ordinary pressures G is insensible, b u t in the vessels exhausted by Mr. Crookes it may be considerable.
Hence, if close to th e surface of a solid there is a tangential stress S acting on a surface parallel to th a t of th e body in a direction h parallel to th a t surface, there will also be a sliding of the gas in contact w ith th e solid over its surface in the direction h SGr w ith a finite velocity = -13. I have not attem pted to enter on th e calculation of th e effect of this sliding motion, b u t it is easy to see th a t if we begin w ith the case in which there is no sliding, the instantaneous effect of permission being given to the gas to slide m ust be to diminish the action of all tangential stresses on the surface, w ithout affecting the normal stresses, and in course of tim e to set up currents sweeping over the surfaces of solid bodies, thus completely destroying the simplicity of our first solution of the problem.
14. W hen external forces, such as gravity, act on th e gas, and when the thermal phenomena produce differences of density in different parts of th e vessel, then the well-know n convection c u rre n ts are se t up. T hese also in te rfere w ith th e sim plicity of th e problem a n d in tro d u ce v e ry com plicated effects. A ll t h a t we know is th a t th e rare r the gas an d th e sm aller th e vessel th e less is th e effect of th e convection cu rren ts, so th a t in Mr. Crookes' ex p erim e n ts th e y p lay a v e ry sm all p a rt.
W e now proceed to th e calculations :-( 1.) E n co u n ter between two .
The m otion o f th e tw o m olecules a fte r an e n c o u n te r d epends on th e ir m otion before th e encounter, a n d is capable o f b ein g d e te rm in e d b y p u re ly dynam ical m ethods. I f th e en co u n ter o f th e m olecules does n o t cause ro ta tio n or v ib ra tio n in th e in d iv id u al molecules, th e n th e k in e tic e n erg y of th e c en tres of m ass of th e tw o m olecules m u st be th e sam e a fte r th e e n c o u n te r as i t w as before.
T his w ill be tr u e on th e average, even if th e m olecules are com plex sy stem s capable of ro ta tio n an d in te rn a l v ib ratio n , p ro v id ed th e te m p e ra tu re is co n stan t. If, how ever, th e te m p e ra tu re is rising, th e in te rn a l en erg y of th e m olecules is, on th e whole, increasing, a n d th erefo re th e e n e rg y o f tra n s la tio n of th e ir c en tres of m ass m u st be, on an average, d im in ish in g a t ev ery en co u n ter. T he rev erse w ill be th e case if th e te m p e ra tu re is falling.
B u t how ever im p o rta n t th is consid eratio n m ay be in th e th e o ry of specific h e a t a n d t h a t o f th e conduction of h e a t, i t h as only a secondary b e arin g on th e q u estio n of th e stresses in th e m e d iu m ; a n d as i t w ould in tro d u c e g re a t co m p lex ity a n d m uch g u ess w ork in to our calculations, I shall suppose t h a t th e gas h ere considered is one th e m olecules of w hich do n o t ta k e u p a n y sensible a m o u n t of e n e rg y in th e form of in te rn a l m otion. K u ndt a n d W arburg * h av e show n t h a t th is is th e case w ith m ercury gas. L e t th e m asses of th e m olecules be a n d M 2, a n d th e ir velocity-com ponents £1, 7713 £1} an d £2, rj2, £2 respectively. L e t V be th e v elo city of re la tiv e to M 2. Before th e e n co u n ter le t a s tra ig h t line be d raw n th ro u g h p arallel to V , a n d le t a p erp en d icu lar b be d raw n from M 2 to th is line. T he m a g n itu d e a n d d irection of b a n d V will be c o n sta n t as long as th e m otion is u n d istu rb ed . D u rin g th e en co u n ter th e tw o m olecules a c t on each other. I f th e force acts in th e line jo in in g th e ir cen tres of m ass, th e p ro d u c t 6V w ill rem ain co n stan t, and if th e force is a fu n ctio n of th e distance, "V a n d th erefo re b w ill be of th e sam e m ag n itu d e a fte r th e en co u n ter as before it, b u t th e ir d irectio n s w ill be tu rn e d in th e p lane of V an d b th ro u g h an angle 20, th is angle b ein g a fu n ctio n of b an d V for values of b g re a te r th a n th e lim it of m olecular action. L e t th e p lane th ro u g h V an d b m ake a n angle < f> w ith th e plane th ro u g h V parallel to th e n all values of < f> are equally probable.
I f be th e value of a fte r th e encounter,
hen th e two molecules are of the same kind, =Jr, and in th e present investigation of a single gas we shall assume this to be th e case. I f we use the symbol 8 to indicate th e increm ent of encounter, and if we remember th a t all values of are equally probable, so th a t the average value of cos < f> and of cos3 < f> is zero, and th a t of cos3 < f> is we find From these by transform ation of coordinates we find
... (7) [Application o f Spherical H arm onics to the Theory o f Gases.
I f we suppose th e direction of the velocity of M x relative to M3 to be indicated by th e position of a point P on a sphere, which we may call th e sphere of reference, then th e direction of the relative velocity after th e encounter will be indicated by a point P /, th e angular distance P P ' being 20, so th a t the point P ' lies in a small circle, every position in which is equally probable.
W e have to calculate th e effect of an encounter upon certain functions of the six velocity-components of the two molecules. These six quantities may be expressed in term s of the three velocity-components of the centre of mass of the two molecules (say u, v , w) , the relative velocity of w ith respect to M2 which we call V, and the two angular coordinates which indicate the direction of V. D uring the encounter, the quantities u, v, w, and V remain the same, b u t th e angular coordinates are altered from those of P to those of P ' on the sphere of reference.
W hatever be the form of th e function of £i> V% > £2* we may consider it expressed in the form of a series of spherical harmonics of th e angular coordinates, their coefficients being functions of u, v, w, V, and we have only to determine the effect of th e encounter upon the value of the spherical harmonics, for their coefficients are not changed. L e t Y(M ) be th e value a t P o f th e surface harm onic of order n in th e series con sidered.
A fter th e encounter, th e corresponding te rm becom es w h a t Y (n) becom es a t th e p o in t p ' an d since all positions of P ' in a circle whose cen tre is P are equally probable, th e m ean value of th e function a fte r th e e n c o u n ter m u st d ep en d on th e m ean value of th e spherical harm onic in th is circle.
N ow th e m ean value of a spherical harm onic of o rd er in a circle, th e cosine of whose radius is /a, is equal to th e valu e o f th e h arm onic a t th e pole of th e circle m u ltip lie d b y P<w)(/x), th e zonal harm onic of o rd er n, a n d a m p litu d e H ence, a fte r th e encounter, Y (w > becom es Y (w)P (T O )(/x), an d if F n is th e corresponding p a rt of th e function to be considered, a n d SFn th e in crem en t of F n arisin g from th e encounter, $Fn= F n(P(-H \fx ) -1).
This is th e m ean in cre m e n t of F n a risin g from a n en co u n ter in w hich cos 2 6 = fx. The ra te of in crem en t is to be found from th is b y m u ltip ly in g i t by th e n u m b er of encounters of each m olecule p e r second in w hich /x lies b etw een an d /x+cfyx, an d in te g ra tin g for all values of jx from -1 to + 1.
T his operation requires, in general, a know ledge of th e law of force betw een th e molecules, an d also a know ledge of th e d is trib u tio n of velocity am ong th e molecules.
W h en, as in th e p re se n t in v estig atio n , w e suppose b o th th e m olecules to be of th e same k in d , an d ta k e b o th m olecules in to acco u n t in th e final sum m ation, th e spherical harm onics of odd o rders w ill disap p ear, so t h a t if w e re s tric t ou r calculations to functions o f n o t m ore th a n th re e dim ensions, th e effect o f th e en co u n ters w ill d ep en d on harm onics o f th e second o rd er only, in w hich case P (2)(/x) -l = f ( / x 3-l ) = f sin3 26. -N o te ad d ed M ay, 1879.]
GASES ARISING FROM INEQUALITIES OF TEMPERATURE. 2 3 7 (2 .) N u m b e r o f E n co u n ters in u n it o f T im e.
W e now abandon th e dynam ical m eth o d a n d a d o p t th e s ta tistic a l m ethod. In ste a d of tracin g th e p a th of a single m olecule an d d e te rm in in g th e effects of each enco u n ter on its velocity-com ponents a n d th e ir com binations, we fix ou r a tte n tio n on a p a rtic u la r elem ent of volum e, a n d trac e th e changes in th e average v alues of such com binations of com ponents for all th e m olecules w hich a t a giv en in s ta n t h ap p en to be w ith in it. T he problem w hich now p resen ts its e lf m ay be s ta te d th u s : to determ in e the dis trib u tio n of velocities am ong th e m olecules of an y elem en t of th e m edium , th e cu rre n tvelocity an d th e te m p e ra tu re of th e m edium being given in term s of th e coordinates and th e tim e. T he only case in w hich th is problem has been a ctu ally solved is th a t in w hich th e m edium has a tta in e d to its u ltim a te sta te , in w hich th e te m p e ra tu re is uniform an d th e re are no currents.
D enoting by
the number of molecules of the kind Mx which a t a given instant are within the element of volume dxdydz, and whose velocity-components lie bet gzL^dg, r)±^dr) £ ± i dC Boltzmann has shown th a t the function f x m ust satisfy the equation^4 -X -+ Y -+ Z^l4 -
where f%yf\>fz denote w hat f becomes when in place of th e velocity-components of before the encounter we p u t those of M2 before the encounter, and those of Mx and M3 after the encounter, respectively, and the integration is extended to all values of < f > and b and of £2>
Vz» velocity-components of th e second molecule M2. I t is impossible, in general, to perform this integration without a knowledge, not only of the law of force between the molecules, b u t of the form of the functions f Xi f 2> f ' J ' , which have them selves to be found by means of the equation.
I t is only for particular cases, therefore, th a t th e equation has hitherto been solved. I f the medium is surrounded by a surface through which no communication of energy can take place, then one solution of th e equation is given by the conditions and which give
where t/q is th e potential of the force whose components are X l3 Y 1? Z1? and A x is a constant which may be different for each kind of molecules in the medium, but h is the same for all kinds of molecules. This is th e complete solution of this problem, and is independent of any hypothesis as to the m anner in which th e molecules act on each other during an encounter. The quantity h which occurs in this expression may be determ ined by finding the mean value of which is N ow in the kinetic theory of gases, 
where p is th e pressure, p the density, 6 th e absolute tem perature, and R a const for a given gas. Hence h * * <" > We shall suppose, however, w ith Boltzmann, th a t in a medium in which there are inequalities of tem perature and of velocity where F is a ratio n a l fu nction of rj, £, w hich w e shall su of more th a n th re e dim ensions, a n d f Q is th e sam e function as in e q u atio n (9). Now consider tw o g ro u p s of m olecules, each defined b y th e velocity-com ponents, and le t th e tw o groups be d istin g u ish ed b y th e suffixes (x) a n d (2). W e have to estim ate th e n u m b er of en co u n ters of a giv en k in d b e tw ee n th ese tw o groups in a u n it of volum e in th e tim e St, th o se e n co u n ters only b ein g consid lim its of b a n d < f> are b -\-\d b a n d L e t us first suppose t h a t b o th g roups consist of m ere geom etrical p o in ts w hich do not in te rfe re w ith each o th e r's m otion. T he g ro u p is m oving th ro u g h th e gro u p d N 2 w ith th e rela tiv e v elocity V , an d w e hav e to find how m an y m olecules of th e first g ro u p approach a m olecule of th e second g roup in a m a n n e r w hich w ould, if th e molecules a c te d on each other, produce a n en co u n ter of th e giv en kind. T his w ill be th e case for ev ery m olecule of th e first g ro u p w hich passes th ro u g h th e area in th e tim e St. T he n u m b er of such m olecules is dN^Vbdbd<f>St for ev ery m olecule of th e second group, so t h a t th e w hole n u m b er o f p a irs w hich pass each o th e r w ith in th e given lim its is Vbdbdcf>dN ±dN 2St, and if we ta k e th e tim e St sm all enough, th is w ill be th e n u m b er of en co u n ters of th e real m olecules in th e tim e St.
(3.) E ffe c t o f the E ncounters.
W e have n e x t to e stim a te th e effect o f th e se e n co u n ters on th e average values o f different fu n ctio n s of th e velocity-com ponents. T he effect of an in d iv id u al en co u n ter on th ese functions for th e p a ir of m olecules concerned is g iven in equatio n s (3), (4), ( 5), (6), (7) we w rite P for th e average value of P for th e N m olecules in u n it of volum e, th e n ta k in g th e sum o f th e effects o f th e e n co u n ters- If they repel each other with a force inversely as the fifth power of the distance, so that at a distance r the force is k t~5, then where A2 is the numerical quantity 1*3682. In this case B is independent of V.
The experiments of O. E. Meyer,* K undt and W arburg,! PuLUJ,t Yon Obermayer, § Eilhard W iedemann, || and H olman,IF show th a t the viscosity of air varies according to a lower power of the absolute tem perature th an th e first, probably the 0*77 power. I f th e viscosity had varied as the first power of th e absolute temperature, B would have been independent of Y. Though th is is not th e case, we shall assume, for th e sake of being able to effect th e integrations, th a t B is independent of Y.
W e shall find it convenient to write for B,
where p is the hydrostatic pressure, N th e num ber of molecules in unit of volume, and fx a new coefficient which we shall afterw ards find to be the coefficient of viscosity. Equation (15) here each combination of the symbols a/3y is to be taken as a single independent symbol, and not as a product of th e component symbols. * * * § To find th e m ean value of any function of g, rj, £ for all th e m olecules in th e elem ent, we m u st m u ltip ly th is function b y f , an d in te g ra te w ith re sp ec t to g, 77, a n d £.
I f th e non-exponential factor of an y te rm contains an odd pow er of an y of th e v a ri ables, th e corresponding p a rt of th e in te g ra l will vanish, b u t if i t contains only even powers, each even pow er, such as 2 n ,will in tro d u ce a facto r R*0*(2n-l ) ( 2 n-3) . . 3*1
into th e corresponding p a rt of th e in te g ral. F irst, le t th e fu n ction be 1, th e n I f any term of Q in equation (20) contains symbols belonging to one group alone of the molecules, the corresponding term of th e integral rnay.be found from th e above table, b u t if it contains symbols belonging to both groups we m ust consider the sextuple integral (20). B u t we shall not find it necessary to do this for term s of not more than three dimensions, for in these, if both groups of symbols occur, the index of one of them m ust be odd, and th e integral vanishes.
W e thus find from equations (3), (4), (5), (6), and (7) 8 2 [A ny rational homogeneous function of £ is either a solid harmonic, or a solid harmonic m ultiplied by a positive integral power of b£3), or may be expressed as the sum of a num ber of term s of these forms.
I f we express any one of these term s as a function of u, V and the angular coordinates of V, we can determ ine the rate of change of each of the spherical har monics of the angular coordinates.
I f we then transform th e expression back to its original form as a function of £i> Vi> £n Vz' and if we add the corresponding functions for both molecules, we shall obtain an expression for the rate of change of the original function.
Thus among the term s of two dimensions we have the five conjugate solid harmonics
The ra te of increase of each of th e se arisin g from th e encounters o f th e molecules is 'D 'D found by m u ltip ly in g i t b y --. W e m ay therefore call -th e " m odulus of th e tim e of relax atio n " of th is class of functions.
The function ^-f -773+ £ 3 is n°f changed b y th e encounters. H om ogeneous functions of th re e dim ensions are e ith e r solid harm onics of th e th ird order or solid harm onics of th e first o rder m u ltip lie d b y or com binations of these. The average values of 77, £ an d th e ir com binations are n o t affected b y e x tern al forces.
(7.) V ariation o f M ea n V alues w ith in a n E lem ent o f Volume.
W e have em ployed th e sym bol S to d en o te th e v a ria tio n of an y q u a n tity w ith in an elem ent, arising e ith e r from encounters b etw ee n m olecules or from th e action of external forces.
T here is a th ird w ay, how ever, in w hich a v a ria tio n m ay occur, nam ely, b y molecules entering th e elem ent or leaving it, c arry in g th e ir p ro p erties w ith them .
W e shall use th e sym bol b to denote th e a c tu a l v ariatio n w ith in a specified elem ent. I f MQ is th e average value of any q u a n tity for each m olecule w ith in th e elem ent, th e n th e q u a n tity in u n it of volum e is p Q . We have to tr W e begin w ith an elem ent of volum e m oving w ith th e velocity-com ponents U , V, W , th e n b y th e ordinary in v estig atio n of th e " eq u atio n of
^Q / > ] +^[ Q ( « ; +^V ) ] + | [ Q ( ® + , -Y ) ] 4 -| [ Q ( » + £ -w ) ] = 4 Q • • (37>
I f after perform ing th e differentiations we m ake IT ~V=v, W = w , th e equation becomes for an elem ent m oving w ith th e velocity (u, v, w) 2 I % 
P u ttin g Q =zu-\-£,this equation becomes
where any combination of the symbols 77, is to be taken as th e average value of th a t combination.
Substituting their values as given in (28)
which is one of th e three ordinary equations of motion of a medium in which stresses exist.
(10.) Terms o f Two Dimensions.
P u t Q = (w + £)3. Since the resulting equation is tru e whatever be the values of u,
v , w, we may, after 'differentiation, p u t each of these quantities equal to zero. W e shall thus obtain the same result which we m ight have obtained by ehmination between this and th e former equations. W e find
& + * r t t +^+^£ + i ( p ? ) + i ( p e v ) + £ ( p £ * Q = r i f -• ( « )
or by substituting th e mean values of these quantities from (29) ~ . 1 (p6>a3)+^(p 6 > a/3 )+ £ (p 6 » ar ) j = p ( I t < 9 )^( -2a 3 + a^3+ a y 2) . (47) Since th e com binations of ctj3y re p re se n t sm all num erical q u an tities, we m ay a t th is stage of th e calculation, w hen w e are d ealin g w ith term s of th e th ird order, neglect term s involving them , except w hen th e y are m u ltip lied by th e large coefficient p /pThe equation m ay th e n be w ritte n approxim ately :- This equation gives th e excess of th e norm al p ressure in x above th e m ean h y d ro static pressure p . T he first tw o te rm s of th e second m em ber re p re se n t th e effect of viscosity in a m oving fluid, an d are id en tical w ith th o se given by P rofessor Stokes (Cam bridge T ransactions, vol. viii., 1845, p. 297) . T he la s t tw o term s rep re se n t th e p a rt of th e stress w hich arises from in eq u a lity o f te m p e ra tu re , w hich is th e special subject of th is paper.
T here are tw o o th e r equ atio n s of sim ilar form for th e norm al stresses in y an d The ta n g e n tia l stress in th e plane x y is g iven b y th e eq u atio n
There are tw o o th er equations of sim ilar form for th e ta n g e n tia l stresses in th e planes of yz and zx.
(15.) F in a l E q u a tio n s o f M otion.
W e are now p rep ared to com plete th e equations of m otion b y in se rtin g in (42) th e values of th e q u a n titie s a 2, a/3, ay, an d we find for th e eq u atio n in x I f we w rite bit dp • (57) (58)
. . (59) I f there are no external forces such as gravity, then one solution of the equations is u = v = w = 0 , p '= c o n sta n t, and if the boundary conditions are such th a t this solution is consistent w ith them, it will become th e actual solution as soon as th e initial motions, if any exist, have subsided. This will be the case if no slipping is possible between the gas and solid bodies in contact w ith it. B ut if such slipping is possible, then wherever in th e above solution there is a tangential stress in th e gas a t th e surface of a solid or liquid, there cannot be equi librium, but the gas will begin to slide over th e surface till the velocity of sliding has produced a frictional resistance equal and opposite to the tangential stress. When this is the case the motion m ay become steady. I have not, however, attem pted to enter into the calculation of the state of steady motion.
[I have recently applied the m ethod of spherical harmonics, as described in the notes to sections (1) and (5), to carrying the approximations two orders higher. I expected th a t this would have involved th e calculation of two new quantities, namely, the rates of decay of spherical harmonics of th e fourth and sixth orders, b u t I found th at, to th e order of approxim ation required, all harmonics of th e fourth and sixth orders may be neglected, so th a t th e rate of decay of harmonics of the second order, th e time-modulus of which is determ ines th e rate of decay of all functions of less th an 6 dimensions.
The equations of motion, as here given (equation 55) contain th e second derivatives of u, v , w, w ith respect to th e coordinates, w ith th e coefficient I find th a t th e more approxim ate expression there is a term containing the fourth derivatives of u, v, w, w ith th e coefficient /a3 -f-pp.
The equations of m otion also contain th e th ird derivatives of 6 w ith the coefficient /x2-v-p0. Besides these term s, there is another set consisting of the fifth derivatives of 6 with th e coefficient /a4-5-p2pd. I t appears from the investigation th a t th e condition of th e successful use of this d m ethod of approximation is th a t Z -should be small, where -denotes differentiation an an w ith respect to a line drawn in any direction. In other words, the properties of the medium m ust not be sensibly different a t points w ithin a distance of each other, com parable w ith the " mean free p a th " of a molecule. In th e p ap er as se n t in to th e R oyal Society, I m ade no a tte m p t to express th e conditions w hich m u st be satisfied b y a gas in co n ta ct w ith a solid body, for I th o u g h t it very unlikely t h a t any equations I could w rite dow n w ould be a satisfacto ry re p re sentation of th e a ctu al conditions, especially as i t is alm ost c e rta in t h a t th e s tra tu m o f gas n earest to a solid body is in a v e ry different condition from th e re s t of th e gas.
One o f th e referees, how ever, p o in ted o u t t h a t i t w as desirable to m ake th e a tte m p t, and in d icated several h y p o th etica l form s o f surfaces w hich m ig h t be tried. I have therefore ad d ed th e follow ing calculations, w hich are carried to th e sam e degree of approxim ation as those for th e in te rio r of th e gas.
I t w ill be seen t h a t th e equations I have arriv e d a t express b o th th e fact t h a t th e gas m ay slide over th e surface w ith a finite velocity, th e previous in v estig atio n s of which have been alread y m en tio n ed ;* a n d th e fact t h a t th is velocity an d th e corres ponding ta n g e n tia l stress are affected by in eq u alities of te m p e ra tu re a t th e surface of th e solid, w hich give rise to a force te n d in g to m ake th e gas slide along th e surface from colder to h o tte r places.
This phenom enon, to w hich P rofessor Osborne R eynolds h as given th e nam e of T herm al T ran sp iration, w as discovered e n tire ly b y him. H e w as th e first to p o in t o u t t h a t a phenom enon of th is k in d was a necessary consequence of th e K in e tic T heory of Gases, an d he also subjected c ertain a c tu a l phenom ena, of a som ew hat different k in d , indeed, to m easurem ent, an d red u ced his m easu rem en ts b y a m eth o d a d m irab ly a d ap ted to th ro w lig h t on th e relatio n s b etw een gases a n d solids.
I t was n o t till a fte r I h a d rea d P rofessor R eynolds' p ap er t h a t I began to recon sider th e surface conditions of a gas, so th a t w h a t I have done is sim ply to e x te n d to th e surface phenom ena th e m eth o d w hich I th in k m ost su itab le for tre a tin g th e in te rio r of th e gas. I th in k th a t th is m eth o d is, in some respects, b e tte r th a n th a t adopted by Professor R eynolds, w hile I a d m it t h a t his m eth o d is sufficient to establish th e existence of th e phenom ena, th o u g h n o t to afford an estim ate of th e ir am ount.
T he m eth o d w hich I have ad o p ted th ro u g h o u t is a p u rely sta tistic a l one. I t con siders th e m ean values of certain functions of th e velocities w ith in a given elem ent of th e m edium , b u t i t never a tte m p ts to trace th e m otion of a molecule, n o t even so far as to estim ate th e le n g th of its m ean p ath . H ence all th e equations are expressed in th e forms of th e differential calculus, in w hich th e phenom ena a t a given place are connected w ith th e space v ariatio n s of certain q u a n titie s a t t h a t place, b u t in w hich no q u a n tity appears w hich explicitly involves th e condition of th in g s a t a finite distance from t h a t place.
T he p articu la r functions of th e velocities w hich are here considered are those o f one, two, and th re e dimensions. T hese are sufficient to determ ine approxim ately th e prin-* Sect. 12 of introduction.
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cipal phenomena in a gas which is not very highly rarified, and in which the spacevariations w ithin distances comparable to A are not very great.
The same method, however, can be extended to functions of higher degrees, and by a sufficient number of such functions any distribution of velocities, however abnormal, may be expressed. The labour of such an approximation is considerably diminished by the use of the m ethod of spherical harmonics as indicated in the note to Section I. of the paper.
itions to he Satisfied by a Gas at the Surface o f a Solid Body.
As a first hypothesis, Jet us suppose th e surface of th e body to be a perfectly elastic smooth fixed surface, having th e apparent shape of th e solid, w ithout any minute asperities.
In this case, every molecule which strikes the surface will have the normal component of its velocity reversed, while th e other components will not be altered by impact.
The rebounding molecules will therefore move as if they had come from an imaginary portion of gas occupying th e space really filled by th e solid, and such th a t the motion of every molecule close to the surface is the optical reflection in th a t surface of the motion of a molecule of the real gas.
In this case we may speak of th e rebounding molecules close to the surface as con stitu tin g the reflected gas. All directed properties of the incident gas are reflected, or, as Professor Listing m ight say, 'perverted in th e reflected g a s ; th a t is to say, the properties of th e incident and the reflected gas are sym m etrical w ith respect to the tangent plane of the surface.
The incident and reflected gas together constitute the actual gas close to the sur face. The actual gas, therefore, cannot exert any stress on the surface, except in the direction of th e normal, for th e oblique components of stress in th e incident and reflected gas will destroy one another.
Since gases can actually exert oblique stress against real surfaces, such surfaces cannot be represented as perfectly reflecting surfaces.
I f a molecule, whose velocity is given in direction and m agnitude, bu t whose line of motion is not given in position, strikes a fixed elastic sphere, its velocity after rebound may w ith equal probability be in any direction.
Consider, therefore, a stratum in which fixed elastic spheres are placed so far apart from one another th a t any one sphere is not to any sensible extent protected by any other sphere from th e impact of molecules, and let the stratum be so deep th a t no molecule can pass through it w ithout striking one or more of the spheres, and let this stratum of fixed spheres be spread over th e surface of the solid we have been con sidering, then every molecule which comes from th e gas towards the surface must strike one or more of th e spheres, after which all directions of its velocity become equally probable.
W hen, a t last, it leaves the stratum of spheres and returns into the gas, its velocity m ust of course be fr o m th e surface, b u t th e p ro b ab ility of a n y p a rticu la r m a and direction of th e velocity will be th e sam e as in a gas a t re s t w ith respect to th e surface.
The d istrib u tio n of velocity am ong th e m olecules w hich are leaving th e surface will therefore be th e sam e as if, in ste a d of th e solid, th e re w ere a p o rtio n of gas a t rest, having th e te m p era tu re of th e solid, an d a d e n sity such t h a t th e n u m b er of molecules which pass from i t th ro u g h th e surface in a g iven tim e is equal to th e n u m b er of mole cules of th e real gas outside w hich strik e th e surface.
To d istin g u ish th e m olecules, w hich, a fte r being en ta n g le d in th e s tra tu m of spheres, afterw ards re tu rn in to th e su rro u n d in g gas, w e shall call th em , collectively, th e absorbed a n d evaporated gas.
I f th e spheres are so n e ar to g e th e r t h a t a considerable p a rt of th e surface of each sphere o f th e o u te r lay er is shielded from th e d irect im p act of th e in cid en t m olecules by th e spheres w hich lie n e x t to it, th e n if w e call t h a t p o in t of each sphere w hich lies fu rth e st from th e solid th e pole of th e sphere, a g re a te r proportion of m olecules will strik e an y one of th e o u te r lay er of spheres n e a r its pole th a n n e a r its equator, and th e g re a te r th e obliquity of incidence of th e m olecule, th e g re a te r w ill be th e pro b ab ility t h a t i t will strik e a sphere n e a r its pole.
The direction of th e reb o u n d in g m olecule w ill no longer be w ith equal pro b ab ility in all directions, b u t th e re w ill be a g re a te r p robability of th e ta n g e n tia l p a rt of its velocity being in th e d irection of th e m otion before im pact, and of its norm al p a rt being opposite to th e norm al p a rt before im pact.
T he condition of th e m olecules w hich leave th e surface will therefore be in te rm e d iate betw een t h a t of ev ap o rated gas an d t h a t of reflected gas, approaching m ost nearly to evaporated gas a t norm al incidence an d m ost n early to reflected gas a t grazin g incidence.
I f th e spheres, in stea d of b ein g h a rd elastic bodies, are supposed to act on th e m ole cules a t finite, th o u g h sm all distances, an d if th e y are so close' to g e th e r t h a t th e ir spheres of action in tersect, th e n th e gas w hich leaves th e surface w ill be still m ore like reflected gas, an d less like evaporated gas.
W e m ig h t also consider a surface on which th e re are a g rea t n um ber of m in u te asperities of any given form, b u t since in th is case th e re is considerable difficulty in calculating th e effect w hen th e direction of rebound from th e first im pact is such as to lead to a second or th ird im pact, I have p referred to tr e a t th e surface as some th in g in term ed iate betw een a p erfectly reflecting and a perfectly absorbing surface, and, in p articu lar, to suppose t h a t of every u n it of area a portion f absorbs all th e incident molecules, an d afterw ard s allows th e m to evaporate w ith velocities corres ponding to th o se in still gas a t th e te m p e ra tu re of th e solid, w hile a portion 1 f perfectly reflects all th e m olecules in cid en t upon it.
W e shall begin b y supposing th a t th e surface is th e plane y 2, and t h a t th e gas is on t h a t side of it for w hich x is positive. The incident molecules are those which, close to th e surface, have their normal com ponent of velocity negative. W e shall distinguish these molecules by the suffix (A. For these, and these only, £i is negative.
The rebounding molecules are those which have £ positive. W e shall distinguish them by the suffix (2). Those which are evaporated will be further distinguished by an accent.
Symbols w ithout any mark refer to th e whole gas, incident, reflected, and evaporated close to the. surface.
The quantity of gas which is incident on un it of surface in unit of time, is -p1|'1. O f this quantity th e fraction 1 -f is reflected, so th a t th e sign of is reversed, and the fraction f is evaporated, the mean value of £ in evaporated gas being where the accent distinguishes symbols belonging to unpolarized gas a t rest relative to the sur face, and having th e tem perature, 6', of the solid. E quating the q uantity of gas which is incident on the absorbing part of the surface to th a t which is evaporated from it, we have E quating the whole quantity of gas which leaves the surface to the reflected and evaporated portions p2&2= ( / " " ! )
• I f we n ext consider the momentum of the molecules in the direction of th a t of the incident molecules is Pi£iVi* A fraction (1 -/ ) of this is r (1--f ) Pi£iVi> an(l a fraction f of it is absorbed and then evaporated, the'm ean value of 7) being now -v, namely, th e velocity of th e surface relatively to the gas in contact w ith it.
The momentum of the evaporated portion in th e direction of y is therefore -f p z^v , and this, together w ith th e reflected portion, makes up the whole momentum which is leaving the surface, or (61) and (62) (
Elim inating f p^2' between equations
The values of functions of £, rj and £ for the incident molecules are to be found by multiplying the expression in equation (22) by the given function, and integrating with respect to £ between th e lim its -co and 0, and with respect to rj an the limits i 00 •
The values of the same functions for the molecules which are leaving the surface are to be found by integrating w ith respect to £ from W e m ust remember, however, th a t since there is an essential discontinuity in the conditions o f th e gas a t th e surface, th e expression in equation (22) is a m uch less accurate approxim ation to th e a c tu al d istrib u tio n of velocities in th e gas close to th e surface th a n i t is in th e in te rio r of th e gas. W e m u st, therefore, consider th e surface conditions a t w hich we arrive in th is w ay as liable to im p o rta n t corrections w hen we shall have discovered m ore pow erful m ethods of a tta c k in g th e problem .
F o r th e present, how ever, we consider only te rm s of th re e dim ensions or less, and we find / > i £ = -p ( 2,r)-K K 0) * ( l + i a 2) [ p & = P( 2 w ) -* ( R 0 n i + w ) f ' i p ( 27r)-iR 6* a2/3~l ,65, Pt€*V»-hpR ' #«/3+2p(27i-)-i R # a 2/3 J S u b s titu tin g th ese expressions in e q u atio n (63), a n d n e g lectin g in com parison w ith u n ity , we find 
If, therefore, th e ga,s a t a finite d istance from th e surface is m oving parallel to th e surface, th e gas in contact w ith th e surface w ill be sliding over it w ith th e finite velocity v, an d th e m otion of th e gas w ill be v e ry n early th e sam e as if th e stra tu m of d e p th Gr h a d been rem oved from th e solid an d filled w ith th e gas, th e re being now no slipping b etw een th e new surface of th e solid and th e gas in co n tact w ith it.
T he coefficient Gr was in tro d u ced by H elmholtz an d P iotrowski u n d er th e nam e of Grleitungs-coejfficient, or coefficient o f slipping. T he dim ensions of Gr are those of a line, and its ratio to l, th e m ean free p a th of a molecule, is given by th e equ K tjndt an d W arburg found th a t for air in contact w ith glass, G = 2 whence we find or th e surface acts as if i t w ere h a lf perfectly reflecting and h a lf perfectly absorbent. I f i t w ere wholly absorbent, G r= i|/, I t is easy to write down th e surface conditions for a surface of any form. L et the direction-cosines of the normal v be l, m , n, and let us write In each of these equations th e first term is one of the velocity-components of the gas in contact w ith the surface, which is supposed fix e d ; th e second term depends on the slipping of the gas over th e surface, and the th ird term indicates the effect of inequalities of tem perature of th e gas close to th e surface, and shows th a t in general there will be a force urging th e gas from colder to hotter parts of the surface. L et us take as an illustration the case of a capillary tube of circular section, and for the sake of easy calculation we shall suppose th a t th e motion is so slow, and the tem perature varies so gradually along the tube th a t we may suppose the temperature uniform throughout any one section of th e tube.
Taking the axis of the tube for th a t of z, we have for th e condition of steady motion parallel to the axis where p is the pressure in dynes per square centimetre, which is nearly the same as in millionths of an atmosphere. For hydrogen on glass centimetres (80) When there is no flow of gas in a tube in which the temperature varies from end to end, the pressure is greater at the hot end than at the cold end. Putting Q = 0 we have If one end of the tube is kept at 0° C. and the other at 100° C., the pressure at the hot end will exceed that at the cold end by about 1*2 millionths of an atmosphere.
The difference of pressure might be increased by using a tube of smaller bore and air of smaller density, but the effect is so small that though the theoretical proof of its existence seems satisfactory, * an experimental verification of it would be difficult.
